Forecasting the evolution of security co-movements is critical for asset pricing and portfolio allocation. Hence, we investigate patterns and trends in correlations over time using weekly returns for developed markets (DMs) and emerging markets (EMs) during the period 1973-2012. We show that it is possible to model co-movements for many countries simultaneously using BEKK, DCC, and DECO models. Empirically, we …nd that correlations have signi…cantly trended upward for both DMs and EMs. Based on a time-varying measure of diversi…cation bene…t, we …nd that it is not possible in a long-only portfolio to circumvent the increasing correlations by adjusting the portfolio weights over time. However, we do …nd some evidence that adding EMs to a DM-only portfolio increases diversi…cation bene…ts.
Introduction

The Scalar BEKK Approach
In the existing literature, the estimation of dynamic dependence models for large-scale systems of countries using extended time periods has been judged impractical and/or impossible because of dimensionality problems. 1 Existing implementations of multivariate GARCH models have therefore traditionally used a limited number of countries. We argue that it is feasible to estimate such large systems using a number of recent advances. Because it is not always obvious to relate some of the models we use, such as DCC, to models previously used in the literature, we start by explaining how these innovations help to estimate more traditional multivariate GARCH models. We illustrate this using the scalar BEKK model, which is arguably the most often-used empirical model for capturing dynamic dependence in large systems. 2 In this model the return on asset i at time t is assumed to follow the dynamic R i;t = i;t + " i;t = i;t + i;t z i;t (2.1)
where 2 i;t denotes the conditional variance, and where the conditional mean dynamic, i;t , can be speci…ed using an asset pricing model that captures the equity premium or using a simple univariate autoregressive model as we do below.
The covariances between assets i and j follow the dynamic ij;t = ! ij + " i;t 1 " j;t 1 + ij;t 1 (2.
3)
The de…ning characteristic of the scalar BEKK model is that the persistence parameters and are identical across all conditional variances in (2.2) and across all conditional covariances in (2.3) . This requirement ensures that the conditional covariance matrix for all assets is positive semi-de…nite at all time and therefore ensures that the portfolio variance will be positive for any given set of portfolio weights.
The common persistence across all variances and covariances is clearly restrictive. Equally important is the restriction that the functional form of the variance dynamic in (2.2) is required to be identical to the form of the covariance dynamic in (2.3) . This rules out for example the so-called 1 See for instance Solnik and Roulet (2000) for an excellent discussion. See Longin and Solnik (1995) and Karolyi (1995) for early examples of bivariate models. 2 The BEKK model is most often used to estimate factor models with a GARCH structure. See for instance DeSantis and Gerard (1997, 1998) , and Carrieri, Errunza, and Hogan (2007) for examples. See Ramchand and Susmel (1998) , Baele (2005) , and Baele and Inghlebrecht (2009) for more general multivariate GARCH models with regime switching. leverage e¤ect in volatility, which has been found to be an important stylized fact in equity index returns (see for example Black, 1976 , and Engle and Ng, 1993) . 3 The leverage e¤ect is really an asymmetric volatility response that captures the fact that a large negative shock to an equity market increases the equity market volatility by much more than a positive shock of the same magnitude. We discuss this more explicitly in equation (2.8) below. If N denotes the number of equity markets under study then the scalar BEKK model has N (N + 1)=2 + 2 parameters to be estimated. Below we will study up to 16 emerging markets and 16 developed markets, thus N = 32 and so the BEKK model will have 530 parameters. It is well recognized in the literature that it is impossible to estimate these parameters reliably due to the need to use numerical optimization techniques, see for instance Solnik and Roulet (2000) for a discussion. To operationalize estimation, some existing implementations (see for example DeSantis and Gerard (1997)) have relied on the targeting idea in Engle and Mezrich (1996) . Written in matrix form, the BEKK model is t = + " t 1 "
Taking expectations on both sides and solving for the unconditional variance-covariance matrix, , yields
4)
If we use the sample variance-covariance matrix,^ = 1 T P T t=1 " t " 0 t , as an estimate of the unconditional variance-covariance matrix, then the matrix can be estimated via the relationship = (1 )^ (2.5)
Using the pre-estimated^ , the numerical optimizer now only has to search in two dimensions, namely over and , rather than in the original 530 dimensions. Note that this implementation also ensures that the estimated BEKK model yields a positive semi-de…nite covariance matrix, becausê and " t 1 " 0 t 1 are positive semi-de…nite by construction. Note also that (2.4) provides us with a more intuitive interpretation of the BEKK model via t = (1 ) + " t 1 " 0 t 1 + t 1 (2.6) which shows that the conditional covariance in BEKK is a weighted average of the long-run covariance, yesterday's innovation cross-product, and yesterday's conditional covariance. The dynamic 3 See Bekaert and Wu (2000) for a model that introduces the leverage e¤ect in a multivariate GARCH setup.
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correlations in the BEKK model are given by the usual de…nition ij;t = ij;t = p ii;t jj;t :
Even when using covariance targeting, estimation is cumbersome in large-dimensional problems due to the need to invert the N by N covariance matrix, t , on every day in the sample for every likelihood evaluation. The likelihood in turn must be evaluated many times in the numerical optimization routine. More importantly, Engle, Shephard and Sheppard (2008) …nd that in large-scale estimation problems, the parameters and which drive the covariance dynamics are estimated with bias when using conventional estimation techniques. They propose an ingenious solution based on the composite likelihood de…ned as
where f ( ; ; R it ; R jt ) denotes the bivariate normal distribution of asset pair i and j and where covariance targeting is imposed. The composite log-likelihood is thus based on summing the log-likelihoods of pairs of assets. Each pair yields a valid (but ine¢ cient) likelihood for and , but summing over all pairs produces an estimator which is relatively e¢ cient, numerically fast, and free of bias even in large-scale problems. We use the composite log-likelihood in all our estimations below. We have found it to be very reliable and robust, e¤ectively turning a numerically impossible task into a manageable one. To the best of our knowledge, we are the …rst to apply the composite likelihood estimation procedure to the estimation of large systems of international equity data using long time series of weekly returns, which are needed for the identi…cation of variance and covariance patterns, and therefore the …rst to be able to estimate dynamic correlation models for such large systems.
Fully e¢ cient MLE is attractive in theory but infeasible for our application due to the challenges of numerical optimization in large systems. Indeed, we are not aware of feasible alternatives to composite likelihood for estimation of large systems such as ours. We refer to Engle, Shephard and Sheppard (2008) for Monte Carlo evidence on its …nite sample performance.
The Dynamic Conditional Correlation Approach
While it is thus possible to operationalize the scalar BEKK model for large systems, the restrictions imposed on the variance and covariance dynamics are a cause for concern. Cappiello, Engle and Sheppard (2006) , for example, have found that the persistence in correlation di¤ers from that in 6 variance when looking at stock and bond markets. 4 We therefore implement the dynamic conditional correlation (DCC) model of Engle (2002) and Tse and Tsui (2002) . Allowing for the leverage e¤ect, we assume that the conditional variance of asset i at time t follows the dynamic
Note that the conditional variance parameters are now allowed to vary across …rms. Because the covariance is just the product of correlations and standard deviations, we can write
where D t has the standard deviations i;t on the diagonal and zeros elsewhere, and where t has ones on the diagonal and conditional correlations o¤ the diagonal. The correlation dynamics are driven by the cross-products of the return shocks
which are used to de…ne the conditional correlations via the normalization ij;t =~ ij;t = q~ ii;t~ jj;t :
The normalization ensures that all correlations remain in the 1 to 1 interval. 5 Note that the DCC model allows for a leverage e¤ect in conditional variance, and it does not require the correlation persistence to match the variance persistence as is the case in the BEKK model. Note also that the DCC model has N (N 1)=2 + 2 correlation parameters and 4N variance parameters. But we estimate the 4 variance parameters per country one market at a time, and the correlation parameters are estimated using
t as a pre-speci…ed estimate of~ . Thus only two correlation parameters are estimated simultaneously using numerical optimization.
More generally, note that the DCC model in (2.9) is designed directly to model correlation dynamics via the standardized shock cross products, whereas in the BEKK model in (2.6) the correlation dynamics are merely implied by the speci…cation of the covariance and variance dynamics. The direct modeling of the correlation dynamics in the DCC model is potentially an advantage in our application which is focused exactly on correlation dynamics.
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We again rely on composite likelihood estimation for the DCC parameters. We now have
The Dynamic EquiCorrelation Approach
The dynamic equicorrelation (DECO) model in Engle and Kelly (2012) can be viewed as a special case of the DCC model in which the correlations are equal across all pairs of countries but where this common so-called equicorrelation is changing over time. The resulting dynamic correlation can be thought of as an average dynamic correlation between the countries included in the analysis. Following Engle and Kelly (2012), we parameterize the dynamic rank equicorrelation matrix as
The ease with which the correlation matrix is inverted ensures that the model can be estimated on large sets of assets using conventional maximum likelihood estimation. The dynamic equicorrelation parameter, t follows the simple linear form
where u t represents the equicorrelation update. In our empirical application, we apply the following correlation updating rule
Note that u t by construction lies within the range
While the DECO model may appear to be restrictive, it may lead to superior correlation estimates when the true correlations are close to each other across assets. In that case the DCC and BEKK model may well both provide noisy estimates of the correlation paths. The relative performance of the DECO to the DCC and BEKK models is thus very much sample dependent.
A Measure of Diversi…cation Bene…ts from Dynamic Correlation
If correlations are changing over time, then the bene…ts of diversi…cation will be changing as well. We therefore need to develop a dynamic measure of diversi…cation bene…ts.
To this end we consider the conditional portfolio variance which is given by Assume that the conditional volatility changes over time but that it is the same across assets. This is clearly not realistic but it allows us to focus on the implications of changing correlations.
i;t = j;t ; for all i; j and call this A;t for "asset"volatility. Then we have We compute this variance ratio using the dynamic weights w i;t that minimize 2 P F;t = 2 A;t subject to these weights summing to one and subject to short-sale constraints. Taking one less the variance ratio and using the optimal portfolio weights de…nes our measure of correlation-based diversi…cation bene…ts
Recall further that in the DECO model all pairwise correlations are identical so that
In this case the optimal weight in each asset is simply 1=N , and the dynamic measure of diversi…ca-tion bene…ts is therefore equal to one minus the DECO correlation path. In the empirical section, we can thus view the DECO correlation path directly as one minus the measure of conditional diversi…cation bene…ts for this special case. Equation (2.11) also shows that, in the DCC and BEKK models, when all correlations are zero, the CDB measure is one, and when all correlations are one, the CDB measure is zero. While we are using CDB as a measure of diversi…cation bene…t it can also be viewed as a portfolio weighting scheme. Amenc, Goltz and Martellini (2013) compare our CDB approach with a number of standard portfolio allocation approaches in the literature. Consider …rst a dynamic version of the Markowitz (1952) allocation which maximizes the Sharpe ratio
One can view many of the alternatives suggested in the literature as special cases of the Markowitz allocation. At the extreme, the equal-weighted allocation
is optimal only when the means, variances and correlations each are identical across assets. The global minimum variance portfolio
t 1 is optimal only when the means are identical across assets. When short-selling is allowed, our CDB measure implies an allocation of
and it is only optimal when means and variances are identical across assets. In reality, means, variances, and correlations are potentially dynamic and unknown quantities that must be estimated and so a portfolio allocation rule that is suboptimal in theory may in fact be optimal in practice. Regardless, our use of the CDB measure is simply driven by our focus on correlations: We want a portfolio allocation-and a portfolio risk measure-that emphasizes the implications of correlation dynamics and CDB does exactly that.
Empirical Correlation Analysis
This section contains our empirical correlation results. We …rst describe the di¤erent data sets that we use and brie ‡y discuss the univariate models. We then analyze the time-variation in linear correlations. Subsequently we measure the dispersion in correlations across pairs of assets at each point in time and check if this dispersion has changed over time.
Data
As in Christo¤ersen, Errunza, Jacobs and Langlois (2012), we employ three data sets:
Weekly closing U.S. dollar returns for 16 developed markets from DataStream over the period January 12, 1973 through June December 28, 2012. 7 Weekly closing U.S. dollar returns for 13 emerging markets from Standard and Poor's/ International Finance Corporation Global (IFCG) indices over the period January 6, 1989 through July 25, 2008 . The IFCG data set spans a longer time period, and represents a broad measure of emerging market returns, but is not available after July 25, 2008. 8 Weekly closing U.S. dollar returns for 16 emerging markets from Standard and Poor's/ International Finance Corporation Investable (IFCI) indices over the period July 7, 1995 through December 28, 2012. The IFCI data set tracks returns that are legally and practically available to foreign investors. The index construction takes into account portfolio ‡ow restrictions, liquidity, size, and ‡oat. It continues to be updated but the shorter sample period is a disadvantage in model estimation and in assessing long-term trends in correlation.
9 Table 1 contains descriptive statistics using IFCI and developed market data for the 1995-2012 period. The results for the IFCG sample are available upon request. While the cross-country variations are large, Table 1 shows that the average annualized return in the developed markets was 9:89%, versus 13:95% in the emerging markets. This emerging market premium is re ‡ective of an annual standard deviation of 33:88% in emerging markets versus only 22:22% in developed markets. Excess kurtosis is on average slightly higher in emerging markets indicating more tail risk. But skewness is close to zero in emerging markets and considerably negative in mature markets, suggesting that emerging markets are not more risky from this perspective. Table 1 indicates that the …rst-order autocorrelations are fairly small for most countries. The LjungBox (LB) test that the …rst 20 weekly autocorrelations are zero is rejected in most markets. We use an autoregressive model of order two, AR(2), for each market to pick up this return dependence. The Ljung-Box test that the …rst 20 autocorrelations in absolute returns are zero is strongly rejected for all 29 markets. Remember that in the DECO and DCC models, we employ the NGARCH(1,1) model of Engle and Ng (1993) in (2.8) for each market to pick up this second-moment dependence and to account for asymmetries. Table 2 reports the results from the estimation of the AR(2)-NGARCH(1,1) models on each market for the 1995-2012 data set. The results are fairly standard. The volatility updating parameter, , is around 0:1, and the autoregressive variance parameter, , is around 0:8. The parameter governs the volatility asymmetry also known as the leverage e¤ect. It is commonly found to be large and positive in developed markets and we …nd that here as well. The literature contains less evidence on emerging markets but we …nd that the leverage e¤ect is positive for all countries and on average similar to the developed markets. The model-implied variance persistence is high for all countries, as is commonly found in the literature.
Univariate Models
The Ljung-Box (LB) test on the model residuals show that the AR(2) models are able to pick the weak evidence of return predictability found in Table 1 . Impressively, the GARCH models are also able to pick up the strong persistence in absolute returns found in Table 1 . Note also that the GARCH model has picked up much of the excess kurtosis found in Table 1 .
We conclude from Tables 1 and 2 that the AR(2)-NGARCH(1,1) models are successful in delivering the white-noise residuals that are required to obtain unbiased estimates of the dynamic correlations. We will therefore use the AR(2)-NGARCH(1,1) model in the DECO and DCC applications. As discussed in Section 2.1, in the scalar BEKK model all variance and covariances have the same dynamics, and so in that case we will use the AR(2) model for the conditional mean. Table 3 reports the parameter estimates and log likelihood values for the DECO, DCC and BEKK correlation models. We report results for the three data sets introduced above. For each set of the countries, we estimate two versions of each model: one version allowing for correlation dynamics and another where the correlation dynamics are shut down, and thus = = 0. A conventional likelihood ratio test would suggest that the restricted model is rejected for all sets of countries, but unfortunately the standard chi-squared asymptotics are not available for composite likelihoods. Note that the improvement of the unrestricted over the restricted model is greatest for the BEKK model, but that is because the model restrictions imply neither variance nor correlation dynamics in this case.
Correlation Patterns Over Time
Note that the likelihood values di¤er across models in the case of No Dynamics in Table 3 . This is because in the DECO model, the unconditional correlations are the same across all assets, and because in the BEKK model, neither variances nor correlations are dynamic. In the DCC model, the unconditional correlations di¤er across assets and the variance dynamics have been removed from the return residuals. In order to ensure that the likelihoods are comparable across models, we report composite likelihoods for all models, including DECO where regular likelihood optimization is feasible. The likelihoods include the contributions from the univariate AR-GARCH models for each asset in DECO and DCC. This is also to ensure comparability with the BEKK models where the GARCH variance and covariance dynamics are estimated jointly. Notice that the DCC likelihoods are higher than the DECO and BEKK likelihoods for all sets of countries.
The correlation persistence ( + ) is close to one in all models implying very slow meanreversion in correlations. In the DECO model persistence is estimated to be essentially one, re ‡ect-ing the upward trend in correlation which we now discuss.
We present time series of dynamic equicorrelations (DECOs) for several samples. The left panels in Figure 1 present results for twenty-nine developed and emerging markets for the sample period January 20, 1989 to July 25, 2008 . As explained in Section 3.1, sixteen of these markets are developed and thirteen are emerging markets. We also present DECOs for each group of countries separately. We refer to this sample as the 1989-2008 sample.
The right panels in Figure 1 present results for thirty-two developed and emerging markets for the sample period July 21, 1995 to December 28, 2012. This sample contains the same sixteen developed markets, and sixteen emerging markets. There is considerable overlap between this sample of emerging markets and the one used in the left panels of Figure 1 . Section 3.1 discusses the di¤erences. We refer to this sample as the 1995-2012 sample. Figure 2 contains the same data as Figure 1 but reports the average (across all pairs of countries) model-free rolling correlations using a relatively short 6-month estimation window (denoted by grey lines) and using a relatively long 2-year estimation window (denoted by black lines). Figure 2 clearly illustrates the drawbacks of rolling correlations: the measurement of the conditional correlation critically depends on the estimation window.
The left-side panels in Figure 3 contain time series of DECOs for the group of sixteen developed markets between January 26, 1973 and December 28, 2012. We refer to this sample as the 1973-2012 sample. These …gures contain some of the main messages of our paper. The DECOs in Figures 1 and  3 , which can usefully be thought of as the average of the pairwise correlations between all pairs of countries in the sample, ‡uctuate considerably from year to year, but have been on an upward trend since the early 1970s. Figure 3 shows that for the sixteen developed markets, the DECO increased 13 from approximately 0:3 in the mid-1970s to between 0:7 and 0:8 in 2012. Figure 1 indicates that over the 1989-2012 period, the DECO correlations between emerging markets are lower than those between developed markets, but that they have also been trending upward, from approximately 0:1 0:2 in the early nineties to around 0:5 in 2012. Figure 2 shows that it is not the DECO model structure that is driving the upward-sloping trend result. The model-free estimates of dynamic correlation in Figure 2 show the same upward trend in correlation evident in Figure 1 . The model-free estimates of dynamic correlation have the disadvantage that they depend greatly on the width of the data window chosen: A long window will result in stable but potentially biased estimates of the true dynamic correlation whereas a very short window will result in very noisy estimates. The dynamic models we apply have the advantage of letting the data choose-via maximum likelihood estimation-the optimal weights on past data points.
Because the DECO approach models correlation as time-varying with a model-implied longrun mean, one may wonder whether the sample selection strongly a¤ects inference on correlation estimates at a particular point in time. Figure 3 addresses this issue by reporting DECO estimates for the sixteen developed markets for three di¤erent sample periods. Whereas there are some di¤erences, the correlation estimate at a particular point in time is remarkably robust to the sample period used, and the conclusion that correlations have been trending upward clearly does not depend on the sample period used. Comparing the left and right panels of Figure 1 , it can be seen that a similar conclusion obtains for the emerging markets, even though this comparison is more tenuous as the sample composition and the return data used for the emerging markets are somewhat di¤erent across panels.
Cross-Sectional Di¤erences in Correlations
The DECO gives us a good idea of the evolution of correlations over time in a given sample of markets. They can usefully be thought of as an average of all possible permutations of pairwise correlations in the sample. The next question is how much cross-sectional heterogeneity there is in the correlations. The question whether correlations between emerging markets and developed markets have evolved di¤erently is of special interest because emerging markets are sometimes viewed as being inherently more risky. The DCC framework discussed in Section 2.2 is designed to address this question. It yields a time-varying correlation series for each possible permutation of markets in the sample.
Reporting on all these time-varying pairwise correlation paths is not feasible, and we have to aggregate the correlation information in some way. Figure 3 demonstrates that the DECO can indeed be thought of as an average of the DCCs. Moreover, Figure 3 demonstrates that the average DCC correlation at each point in time is robust to the sample period used in estimation, as is the case for the DECO.
10 Figure 4 uses the 1995-2012 sample to report, for each of the thirty-two countries in the sample, the average of its DCC correlations with all other countries using light grey lines. Figure 4 .A contains the 16 developed markets and Figure 4 .B contains the 16 emerging markets. While these paths are averages, they give a good indication of the di¤erences between individual countries, and they are also informative of the di¤erences between developed and emerging markets. In order to further study these di¤erences, each …gure also gives the average of the market's DCC correlations with all (other) developed markets using black lines and all (other) emerging markets using dark grey lines. Figure 4 yields some very interesting conclusions. First, the DCC correlation paths display an upward trend for all 32 countries. Second, for developed markets the average correlation with other developed markets is higher than the average correlation with emerging markets at virtually each point in time for virtually all markets. Third, for emerging markets the correlation with developed markets is generally higher than the correlation with other emerging markets. However, the di¤erence between the two correlation paths is much smaller than in the case of developed markets. In several cases the average correlation paths are very similar. Note that in Figure 4 .A the trend patterns for European countries are also not very di¤erent from those for other DMs. Notice in particular that the correlations for Japan and the US have increased just as for the European countries during the last decade even if the level of correlation is still somewhat lower in Japan. Inspection of the pairwise DCC paths, which are not reported because of space constraints, reveals that the trend patterns are remarkably consistent for almost all pairs of countries, and there is no meaningful di¤erence between European countries and other DMs. Figure 4 reports the average correlation between the DCC of each market and that of other markets. It could be argued that instead the correlation between each market and the average return of the other markets ought to be considered. We have computed these correlations as well. While the correlation with the average return is nearly always higher than the average correlation from Figure 4 , the conclusion that the correlations are trending upwards is not a¤ected. In order to save space we do not show the plots of the correlation with average returns on other markets. Figure 4 does not tell the entire story, because we have to resort to reporting correlation averages due to space constraints. Figure 5 provides additional perspective by providing correlation dispersions for the developed markets, emerging markets, and all markets respectively. In particular, at each point in time, the top left of panel in Figure 5 considers all DCC correlations for the sixteen developed markets, and reports the 10th and 90th percentile of these pairwise correlations. The shaded area shows the range between the 10th and 90th percentile. The middle left panel in Figure  5 reports the same statistics for the emerging markets for the 1995-2012 sample and the bottom left panel shows all 32 markets together. While the increasing level of correlations is evident, Figure  5 also shows that the entire range of correlations has increased rendering it di¢ cult to avoid the rising correlations via active portfolio allocation.
The evidence in Figures 3 through 5 discussed so far is obtained using the DCC techniques outlined in Section 2.2. In studies of international markets, the BEKK technique has been used more often. We do not engage in a detailed comparison of the di¤erent models here. Rather, we note that it is currently feasible to implement multivariate correlation techniques in a way that allows us to study large cross-sections of returns and capture important stylized facts. For instance, our implementation of the DCC technique in Section 2.2 allows for leverage e¤ects, which is critical for capturing the negative skewness in index returns.
We therefore present a comparison of the DCC results with BEKK results implemented using variance targeting, as discussed in Section 2.1. This exercise is meant to provide some insight into how our results compare with existing studies that use the BEKK approach. Figure 5 provides evidence on the di¤erences between BEKK and DCC, by giving correlation dispersions obtained using both techniques. The correlation dispersions for the BEKK model suggest that this model yields substantially more outliers and noise.
The top row of panels in Figure 6 presents the time series of the average DCC correlation for sixteen developed countries for the 1973-2012 sample, and compares it with the average BEKK correlation. The middle and bottom rows do the same for sixteen emerging markets and for all markets together for the 1995-2012 sample. The main conclusions are consistent across the two samples. First, the BEKK correlation path con…rms the conclusion obtained using DCC and DECO techniques that correlations have trended upward over time. Second, while the DCC and BEKK paths are quite similar, the DCC paths contain far fewer outliers and less noise compared to BEKK. Figure 7 plots the conditional diversi…cation bene…t measure developed in (2.11) for developed, emerging, and all markets using the dynamic correlations from the DCC model. The black lines in Figure 7 uses CBD-optimal portfolio weights, the dark grey lines use equal weights across countries and the light grey lines use market capitalization weights.
Notice that the solid lines look very similar to (one minus) the equal-weighted correlations in the left panels of Figure 6 . Figure 7 thus shows that it is not possible in a long-only portfolio to avoid the increasing correlations by adjusting the portfolio weights over time. The optimally weighted portfolio in Figure 7 shows a decreasing trend in diversi…cation bene…ts, matching the increasing trend found in the equal-weighted correlations in Figure 6 : Correlations have been rising rapidly and the bene…ts of diversi…cation have been decreasing during the last ten years in developed markets. Diversi…cation bene…ts have also decreased in emerging markets but the level of bene…ts is still higher than in developed markets. When combining the developed and emerging markets, the diversi…cation bene…ts are declining as well but the level is again higher than when considering developed markets alone. Emerging markets thus still o¤er some correlation-based diversi…cation bene…ts to investors.
The black lines in Figure 7 represent the highest possible level of CDB attainable to investors. The dark grey and light grey lines report CDB for equal and market capitalization weighted portfolios, respectively. It is interesting to note that while the equal-weighted portfolio CDB is often fairly close to the optimal CDB the market cap weighted CDB is typically much lower. During most of the sample smaller countries thus o¤er better diversi…cation bene…ts. Table 4 reports various statistics from the distribution of portfolio weights for each country used to construct the optimal CDB represented by the black lines in Figure 7 . The CDB portfolio weights are allowed to change each week, thus creating a distribution of weights over time for each country. The top half of Table 4 reports the minimum, 25th, 50th and 75th percentile as well as the maximum weight over time for each country for the developed market CDB in the top panel of Figure 7 . The last column in Table 4 reports the fraction of weeks (in percent) each country has an allocation of exactly zero. The bottom half of Table 4 reports the corresponding distributions for the emerging market CDB in the middle panel of Figure 7 . Recall that we have imposed noshortsale constraints so that the weights cannot be negative. As the weights have to sum to one the maximum possible weight is one.
The top half of Table 4 shows that all countries except for Japan indeed have a zero allocation in at least one week in the sample. The Netherlands is never included in the CDB portfolio and France, Germany and the UK have zero allocations virtually in the entire sample. They are poor investments from a CDB diversi…cation perspective. Japan has the largest maximum allocation at 41%. Japan, the United States, and Hong Kong have the highest median allocations. No country ever has a maximum allocation of one.
The bottom half of Table 4 shows that all emerging markets have zero allocations in some part of the sample. Brazil and Korea have the largest fraction of weeks with zero portfolio weights. Turkey has the highest median portfolio weight and Thailand has the highest max portfolio weight at 33%.
In general the CDB optimal portfolio for emerging markets seems to be more evenly spread across countries than is the case for developed markets: The last column in Table 4 shows that the average ratio of zero-weights across countries is close to 48% for DMs and only 28% for EMs. This suggests that more EMs provide diversi…cation bene…ts than do DMs in their respective portfolios.
Real-Time CDB Evaluation
In this section we conduct a real time CDB optimization exercise, which allows us to conduct an out-of-sample forecasting exercise.
Using weekly IFCI returns, we reestimate the univariate AR-NGARCH models, and the multivariate DECO, DCC, and BEKK models on an expanding sample. Our …rst estimation sample is July 1995 through December 2000. We reestimate each model at the end of each calendar year, keeping the estimation starting date …xed at July 1995. We then use each model to deliver a realtime one-week ahead correlation matrix t+1jt which is used to construct portfolio weights in real time.
Starting in January 2001, we use the previous year's parameter estimates to compute one-week ahead forecasts for the correlation matrix t+1jt which incorporates this weeks returns. Using these forecasts, we compute the weights, w 0 t+1jt , that maximize expected CDB one-week ahead portfolio variance for week t + 1, again subject to short-sale constraints.
Recall that in matrix form we have
where the CDB-optimal portfolio weights w t depend on the correlation forecasting model. We can compute real-time CDB weights and forecasts using the recursive estimation methodology to get
CDB realizations can be computed via
where R t+1 is the realized correlation matrix. To compute realized CDB, we use four di¤erent realized correlation matrices: First, correlations from each individual forecasting model based on the corresponding full-sample estimator; second, DCC correlations based on full-sample estimator; third, rolling regressions on a +/-6 month window around the forecast week of interest; and fourth, a +/-2 year window around the forecast week.
For each forecasting model and for each ex-post correlation method, we can now run the regression
and check the regression …t measured by R 2 .
The CDB forecasting exercise is carried out for three sets of portfolio weights: First, optimal weights computed by maximizing the CDB measure each week; second, market capitalization weights; and third, equal weights across countries which are constant through time. We construct CDB forecasts using correlation models estimated in real time on our three di¤erent sets of data: 16 developed markets, 16 emerging markets using IFCI data, and all 32 markets. The results are reported in Table 5 .
Panel A of Table 5 reports regression R 2 when using the own-model, in-sample realized CDB in the forecasting regressions. Panel A shows that all models do well from this perspective. The DECO model is the only model for which the R 2 is not above 0:90. Table 5 Panel D computes realized CDB from rolling correlation on a two-sided 2-year window of weekly returns. From this perspective, the DCC provides good CDB forecasts. Interestingly, the 6-month (one-sided) rolling correlations do not perform particularly well here either.
Panel B of
It is clear that the forecasting results depend on the measure used for realized correlations. The optimal choice of realized correlation measure is thus an important but unexplored issue. It would be interesting to employ intraday data to compute model-free realized weekly correlations. We leave this task for future work.
Summary and Conclusion
We characterize time-varying correlations using long samples of weekly returns for systems consisting of large number of countries. We implement models that overcome econometric complications arising from the dimensionality problem, and that are easier to estimate, using variance targeting and the composite likelihood procedure. Results based on BEKK, DCC and DECO models are extremely robust and suggest that correlations have been signi…cantly trending upward for both the DMs and EMs. Correlations between DMs have exceeded correlations between EMs throughout the 1989-2012 period. Moreover, for developed markets, the average correlation with other developed markets is higher than the average correlation with emerging markets. For emerging markets, the correlation with developed markets is generally somewhat higher than the correlation with the other emerging markets, however, the di¤erences are small.
These results have important implications for portfolio management. We compute measures of diversi…cation bene…ts with dynamic weights. We …nd that it is not possible in a long-only portfolio to circumvent the increasing correlations by adjusting the portfolio weights over time. Consistent with the patterns in correlations, diversi…cation bene…ts have decreased for emerging markets as well as developed markets, but the level of diversi…cation bene…ts is still higher in emerging markets.
It may prove interesting to further explore the implications for portfolio management in future work. It may also prove useful to investigate the robustness of our …ndings to allowing for multiple regimes, or to the inclusion of multiple components, as for example in the model of Colacito, Engle, and Ghysels (2011). Notes to Figure: We report rolling correlations for two sample periods. The left-side panels report on the period January 20, 1989 to July 25, 2008. The right-side panels report on the period July 21, 1995 to December 28, 2012. The top panels report on developed markets, the middle panels report on emerging markets, and the bottom panels report on samples consisting of developed and emerging markets. We use 6-month (grey lines) and 2-year (black lines) windows to estimate rolling correlations for each pair of markets which are then averaged across pairs to produce the plot. Figure: For each set of countries, we use the dynamic conditional correlation (DCC) model to compute the correlation-based conditional diversi…cation bene…ts (CDB) as de…ned in (2.11) . the black lines are using CDB-optimal portfolio weights, the dark grey lines are using equal weights and the light grey lines are using market capitalization weights. Table: We report parameter estimates for the DCC, DECO and BEKK models for the 13 emerging markets (IFCG), 16 emerging markets (IFCI), 16 developed markets, and all markets. The composite likelihood is the average of the quasi-likelihoods (correlation log likelihood + all marginal log likelihoods) of all pairs of assets. We also report the special case of no dynamics. Notes to Table: We report statistics from the distribution of portfolio weights (in percent) for each country in the developed market CDB measure and the emerging market CDB measure. The final column shows the percent of weeks in which the portfolio weight is exactly zero for a given country. We impose no-short sale constraints so that the minimum possible weight is zero. For the emerging markets we use IFCI data. 
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